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Abshact The transient drill-velocily response of miniband transport to suddenly turned- 
on step electric fields is analysed for semiconductor superlattices with and without carrier 
transverse confinement. Our study is based on the recently developed balanceequation 
thwry, which takes full account of the carrier occuparion of the transverse subbands and the 
realistic electron-impurity and electron-phonon scatterings in the system. Up to 21 transverse 
subbands ax inckuded for two-dimensionally confined superlanices. and four lateral subbands 
for onedimensionally confined ones. We find that thermal excitations of the carrier transverse 
movement suppress the Bloch oscillation. In a high-carrierdensity system where caniers are 
thermalized rapidly in both longitudinal and m v e r s e  directions. the Bloch-type oscillatory 
velocity response. anticipated from purely onedimensional Esaki-Tsu and Boltzmann theories, 
can appear only in extreme hvo-dimensionally confined system. 

1. Intraduction 

The striking phenomenon of Bragg-diffraction-induced negative differential conductivity 
(NDC) in superlattice vertical transport, predicted by Esaki and Tsu [ l ]  more than twenty 
years ago, has recently been demonstrated experimentally [24]. It is suggested that NDC can 
also be considered as a manifestation of the electric-field-induced progressive localization 
in superlattices [3.5]. In view of enhanced scatterings resulting from carrier heating at high 
electric fields, however, a band model is still believed applicable for the electric field E 
of strength up to a substantial part of A / e d  (A being the miniband width, d the super- 
lattice period and e the electron charge), before the Stark quantized energy eEd reaches 
the miniband width. The role of electron heating, carrier statistics and realistic scattering 
mechanisms in superlattice miniband transport have been included in a balance-equation 
theory [6,7], which nicely produces the experimental peak drift velocity up and the threshold 
electric field as functions of miniband width [6] and the low-temperature behaviour of up 
[8].  Parts of these effects have also been taken into account in the Boltzmann-equation 
approach to miniband conduction [9,10]. These developments have definitely excluded 
previous doubts that NDC might be suppressed by the transverse degrees of freedom in 
the superlattice [ l l ] ,  stimulated further experimental and theoretical studies on the physics 
of miniband transport [12-151. and also brought about the prospect of superlatticebased 
hlmsfemed-electron microwave oscillators [ 161. 

Although the existence of WannierStark states and related Bloch oscillations has 
been demonstrated by optical measurements [17] in superlattices with dilute carriers, the 
possibility of an oscillatory current response of Bloch frequency to appear in the transient 
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transport in high-camier-density systems in which the steady-state conduction exhibits strong 
negative differential conductivity remains controversial. This issue not only has fundamental 
significance in understanding the physics, but also intimately relates to the formation time 
of the charged carrier-packet and thus affects the frequency attainable in transferred-electron 
microwave oscillators. 

Theoretically, under the influence of a constant electric field a scattering-free electron 
in a superlattice miniband will oscillate at the Bloch frequency S2e = eEdjh. In a 
realistic many-electron system, in which impurity, phonon and intercarrier scatterings are 
unavoidable and electron heating (over all directions) and statistics also play important 
roles, the condition for a Bloch oscillation to survive is not clear. In the case of a 
three-dimensional superlattice, the preliminary calculation from the balance-equation theory 
found pronounced overshoot, but no Bloch-type oscillation showing up in the transient 
response to a suddenly turned-on electric field as high as 10 kV cm-’ [13]. On the other 
hand, calculation [9] based on the purely one-dimensional (ID) Boltzmann equation with 
constant scattering times indicated possible oscillatory velocity response to an electric-field 
suddenly switched on across the NDC region. Bloch-type oscillatory transient velocity can 
also be obtained using the balance-equation approach [18] for extremely two-dimensionally 
confined superlattices with realistic impurity and acoustic phonon scatterings when taking 
only the lowest suhband into account (polar optic phonon scatterings are prohibited). A very 
recent calculation for coupled square quantum boxes from the three-dimensional Boltzmann 
equation [19] produced similar results: damped Bloch-oscillation-type transient response is 
possible when polar optic-phonon scatterings are suppressed. However, the specifics of the 
Bloch oscillation damping, especially the critical role of the lateral degrees of freedom of 
carriers, have not yet been clearly determined. 

In this paper we will give a systematic investigation of transient response in super- 
lattices with and without lateral confinement to step electric fields of differing strengths. 
Our approach is based on the recently developed balance-equation theory extended to the 
cases with ID or 2D confinements 16.71. This theory is suitable for systems with high 
carrier density. In the calculation we consider as many subbands as required at the highest 
field discussed. Since realistic electron-impurity and electron-phonon scatterings are taken 
into full account in the balance-equation theory. transport properties can be evaluated from 
known scattering information of the material. It is thus possible to give a clear determination 
for the Bloch oscillation damping in the transient current response of superlattice miniband 
transport. 

2. Time-dependent balance equations 

We consider a model superlattice system in which electrons can move along the z-direction 
through the (lowest) miniband formed by the periodic potential wells and barriers of finite 
height. In the transverse (x -y)  plane we consider three different cases: (1) electrons are 
confined to a small cylindrical region of diameter d, by an infinitely high potential wall ( I D  
superlattice or no-confined superlattice); (2) electrons move freely along the y-direction but 
are confined in a narrow wcll of width d, in the rdirection by an infinitely high potential 
wall (ZD superlattice or ID-confined superlattice); (3) electrons move freely in both x and y 
directions (3D superlattice or unconfined superlattice). 

The electron energy dispersion can be written as the sum of a transverse-motion energy 
cnt and a tight-binding-type miniband energy E & )  related to the longitudinal motion: 

(1) G, (k,) = 4, + 4%) 
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with 

(2) 
A 

C(kJ = 2(1 -cosk,d) 

where -n/d < kz 6 n / d ,  d is the superlattice period along the z-direction, and A is the 
miniband width. The electron transverse state and its energy are described by the transverse 
quantum number rill = (?I=, ny) .  They should be specified separately for lD, ZD and 3D 
superlattices. 

The Lei-Ting balance-equation theory (201 has recently been extended to the system 
with an arbitrary energy band [6,7], in which a transport state is described by the centre 
of-mass (CM) momentum pd Npd ( N  is the total number of carriers) and the relative 
electron temperature T,. When a time-dependent but spatially uniform electric field E(t) is 
applied along the z-direction, the balance equations for a semiconductor superlattice, which 
are obtained by calculating the rates of change of the average electron drift velocity and the 
average electron energy per carrier, take the form 

- @ E l m :  + A i  + A,  dud 
dt 
_ -  

Here 

is the CM velocity. or the average drift velocity of the carrier in the z-direction, 

is the averaged inverse effective mass of the CM, and 

(3) 

(4) 

is the average electron energy per carrier. In these equations 

f(s3 T,) = (exp[(s - N T ~ ]  + I}-' (8) 

stands for the Fermi distribution function at the electron temperature T,, /I is the chemical 
potential determined by the condition that the total number of electrons equals N: 

and 

'no ( k ~ )  E 6, + C ( ~ L  - P d )  (10) 

can be regarded as the 'relative electron energy'. The expressions for the impurity- and 
phonon-induced frictional accelerations, Ai and A,, and the energy-transfer rate from the 
electron system to the phonon system, W. have been given in [141,[21] and 161 respectively 
for ID, ZD and 3D superlattices, together with the form factors due to longitudinal and 
transverse wavefunctions. 
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The energy dispersion form (1) enables us to write the average drift velocity and the 
inverse effective mass as 

U, = vma(c) sin(zd) (11) 

ol(T,) is a function of Te, but independent of the parameter Zd 

as 

pdd. 
With the help of these expressions we can write the force- and energy-balance equations 

2 dh, 2w -- = eE(i)doc(T,) sin(zd) - -. 
A dt A (15) 

In the case of time-dependent transport the CM momentum and the electron temperature are 
time-dependent variables. It is convenient to express dud/& and dh,/dt on the left-hand 
sides of (14) and (15) in terms of the time derivatives of Zd and Te: 

cu(~) s in (zd )T  dZd - - cos(.a) - (17) 
2 dh, 
A dt 
-- = 

Here we have made use of the relation 
A A  
2 2  hc = hi1 + - - -a(Tc)COS(Zd) 

in which 

is the average transverse energy of the electron. 

3. One-dimensional superlattices 

In the case of a ID superlattice the transverse quantum numbers rill = ( 1 ,  m)  ( I  = 1,  2, . . . 
and m = 0, &I,  i 1 ,  . . .), and the transverse energy is given by [14] 

E,, = ~ ( x r ) ~ / ( m * d : )  (20) 
where m' is the electron band effective mass of the background bulk material, and x r  
represents the Zth zero of the mth-order Bessel function, i.e. J,(x;) = 0. 

If only the lowest transverse subband is taken into account, i.e. dhl,/dT, in (17) is set 
to zero, balance equations (14) and (15) are reduced to the following simple form: 
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Based on this set of coupled differential equations for zd and T,, we have carried out a 
numerical calculation [I81 at lattice temperature T = 77 K for a ID GaAs-based superlattice 
having transverse diameter d, = IO mm, period d = 15 nm, miniband width A = 220 K, and 
low-temperature (4.2 K) linear mobility @(g) = 1.0 m2 V s-l. We assume a carrier sheet 
density of Ns = 4.0 x 10" cm-' (per period) in the transverse plane, corresponding to a line 
density Nld = 0.314. For this narrow miniband width the polar optic-phonon scattering is 
prohibited by the requirement of energy conservation. This greatly reduces the critical field 
Ec at which the steady-state drift velocity peaks. Both longitudinal and transverse acoustic 
phonons (through the deformation potential and piezoelectric couplings with electrons) are 
taken into account in the calculation. The calculated steady-state velocity-field relation and 
the transient velocity response to step electric fields turned on a time t = 0, having strengths 
E = 60 V cm-' (a), E = 130 V cm-I (b), E = 250 V cm-' (c), E = 0.5 kV cm-' (d). 
E = 1 kV cm-I (e), E = 2 kV cm-' (f), and E = 4 kV cm-I (g), are plotted as dotted 
curves in figure 1. The steady-state critical field Ec is about 105 V cm-I for this system. 
In the case of E < Ec (a), there is no velocity overshoot in the transient response. Once 
the field strength E > E,  (cases b, c and d) the velocity overshoot shows up, and becomes 
more pronounced at larger E .  The oscillatory transient velocity begins to appear at a field 
strength about eight times the critical field Ec. At E = 1 kV cm-' clear oscillations of the 
drift velocity are already seen, with an oscillatory period about 3.0 ps, a little larger than 
the free Bloch oscillation period T, = 2n/(eEd) = 2.76 ps at this field. When the field 
strength further increases the transient velocity oscillation becomes increasingly stronger (f 
and 8). For the cases of E = 2 kV cm-' (f) and E = 4 kV cm-' (g), the oscillation periods 
are 1.41 ps and 0.695 ps respectively, and the corresponding free Bloch periods are TB = 
1.38 ps and 0.69 ps. 

When higher transverse subbands are taken into consideration, both the steady-state 
I J~  - E relation and the transient response, though they remain the same at low electric fields, 
change remarkably at high electric fields. The solid curves shown in figure 1 are calculated 
results obtained from solving (14)+7) by including 21 transverse subbands for the same 
system as described above. Since the electron temperature increases with increasing electric 
field, high-lying subbands are expected to affect transport behaviour greatly at high electric 
field even for this extremely 2D-confined system. We find that by taking many subbands 
into account the steady-state electron temperature T, (not shown) at high field becomes 
much lower than that obtained in the one-subband-only case and the steady-state drift 
velocity becomes higher (figure I(a)). The oscillatory response of the drift velocity weakens 
markedly: oscillatory behaviour begins to appear at higher electric field strength than the 
singlesubband case and at the same field strength fewer oscillatory periods survive before 
approaching a final steady state (figure l(e), (0). The main difference between single- 
subband and multi-subband cases is that in the latter there is a non-zero average transverse 
energy hll which increases with increasing electron temperature (dhll/dT, > 0). indicating 
that the transverse movement of carriers in a superlattice suppresses the oscillation of its 
longitudinal transient velocity. 

With increasing transverse diameter of the ID superlattice, the energies of higher 
subbands are reduced quickly, and the role of the carrier transverse movement is expected 
to become more important. To see how the transient transport behaviour is affected by the 
transverse diameter d,, we have calculated the transient drift velocity response at lattice 
temperature T = 77 K for a ID-superlattice with transverse diameter d, = 20 nm, period 
d = 15 nm, miniband width A = 220 K, and low-temperature linear mobility p(0) = 
1.0 m2 V-' s-!, to step electric fields (turned on at time t = 0) with strengths E = 2, 5, IO 
and 20 kV cm-' respectively. We still assume Ns = 4.0 x IO" cm-' (per period) for the 
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Figure 1. Steady-state drift velocity as a function of applied electric field (upper left comer). 
and the m i e n 1  drift velocity response lo slep electric fields tumed on aI time t = 0 with 
different sbengths (aHg) for a I D  superlanice of m v e n e  d m l e r  d, = IO nm. period d = 
15 nm miniband width A = 220 K and carrier line density Nld = 0.314. Calculations are made 
lattice temperalure T = 77 K, The solid curves are results obtained by including 21 transverse 

subbands. For comparison the corresponding results obtained by considering only the lowest 
subband occupalion are shown as dotted C U N ~ S .  

carrier sheet density in the transverse plane, Th is  corresponds to a line density N l d  = 1.257. 
21 transverse subbands are included in the calculation. The calculated transient drift velocity 
ud as a function of the time delay is shown in figure 2, together with the dc steady-state 
drift-velocity-field curve (inset). At this value of d, the energy gaps between neighbouring 
transverse subbands are small enough to allow polar optical-phonon scattering to occur. 
This drastically changes both the steady-state and the transient transport behaviour. In the 
steady-state case the rise of the electron temperature with increasing electric field in the d, 
= 20 nm system becomes much slower than that in the d, = 10 nm system, and the peak 
drift velocity is reached at a much larger field strength ( E ,  = 2.6 kV cm-I). The transient 
drift velocity response curve of the d, = 20 nm system looks completely different from that 
of the d, = 10 nm system: drift velocity exhibits only overshoot, without oscillation. 

In figure 3 we show the transient drift velocity response to step electric fields of strengths 
E = 1, 2, 5 and 10 kV cm-I, and the dc steady-state drift-velocity-field curve for a ID- 
superlattice having transverse diameter d, = 40 MI, period d = 15 nm, miniband width A 
= 220 K, low-temperature linear mobility p(0)  = 1.0 mz V-' s-' and carrier sheet density 
Ns = 4.0 x 10" cm-* @er period) in the transverse plane (equivalent to a line density 
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1.0 

t @s) 

Figure 2. Transient drift velocity (ud) response of a 
ID superlattice with m s v e r s e  diameter d, = 20 om. 
period d = 15 nm miniband width A = 220 K. &cr 
line density, Nld = 1.251 and low-temperature Linear 
mobitity p(0) = 1.0 m2 V-' s-', to step electric fields 
tumed on at time I = 0 with various field suengths. The 
inset shows the corresponding locations of these fields 
on the steady-state velocity-field curve. The lanice 
temperaNre is T = 11 K. 

. .  I .  

%! d? M a6 03 I ~ O % ' l . 4  16 18 ?O 

t @s) 
Figure 3. Tmnsient drift velocity (U) response of a 
I D  superlattice. with msverse diameter d, = 40 nm. 
period d = 15 nm. miniband width A = 220 K. carrier 
line density Nld = 5.021 and low-IemperaNre linear 
mobility p(0) = 1.0 m2 V-I s-l, to step electric fields 
Nmed on at time t = 0 with various field strengths. The 
inset shows the corresponding locations of these fields 
on the steady-atate velocity-field c w e .  The lattice 
temperaNre is T = 71 K. 

N,d = 5.027). 21 transverse subbands are included in the calculation. For this value of d, 
neighbouring subbands overlap with each other, and the steady-state transport behaviour is 
close to a corresponding unconfined superlattice. The transient drift velocity exhibits only 
overshoot, without oscillatory behaviour up to field strength E = 20 kV cm-' (the curve 
for E = 20 kV cm-' is similar but not shown in the figure). 

4. Wo-dimensional and three-dimensional superlafflces 

In the case of a 2D superlattice, the transverse quantum number nil consists of  a subband 
index n in the (confined) x-direction and a wavevector ky in the y-direction: 1111 = (n,  ky), 
n = 1,2, . . .. The transverse energy is given by [21] 

Since electrons move freely along the y-direction in this system, the transverse movement 
is expected to play an even more important role in determining the transient behaviour of 
vertical transport. 

To see this we have numerically calculated the transient drift velocity response shown 
in figure 4, at lattice temperature T = 45 K for a 2D superlattice having x-extension d, 
= 45 nm, superlattice period d = 10 nm, miniband width A = 900 K, carrier 2D density 
N2 = 9.0 x 10'l cm-', and low-temperature linear mobility p(0) = 100 m2 V-' s-', to 
step electric fields turned on at time t = 0 having strengths E = 2.5, 10 and 20 kV cm-I. 
The steady-state I J ~  - E curve is also plotted in the figure (inset). These four values of 
the field strengths ( E  = 2.5, 10 and 20 kV cm-') are in the negative differential mobility 
region. Four transverse subbands together with the intrasubband and intersubband impurity 
and phonon scatterings are included in both the steady and transient calculations. Although 
such a low lattice temperature and high impurity-limited mobility should offer a minimum 
frictional-force environment for a Bloch-type oscillatory transient response to occur, the 
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t @s) 
Figure 4. Transient drift velocity ( u d )  response of a 20 
superlattice, with x-extension d, = 45 nm, period d = 
IO nm, miniband width A = 900 K, carrier 1D density Nz 
=9.0 x 10“ c n r 2  and low-temperame linear mobiliQ 
~(0) = 100 m2 V-l s-’, to step electric fields tumed 
on at time t = 0 with various strengths. The inset shows 
the corresponding locations of these fields on the steady- 
state velocity-field curve. The lattice temperature i s  T 
= 45 K. 

t @s) 

Figure 5. Transient drih velocity (U*) response of 
a 3~ superlattice. with period d = IO nm. miniband 
width A = 900 K, carrier sheet density Ns = 2.0 x 
IO” cm-’ and low-temperature linear mobility p(0) 
100 mz V‘I s-l, to step electric fields tuned on at 
time f = 0 with various strengths, The inset shows the 
corresponding locations of these fields on the steady- 
state velocity-field curve. The lattice temperature is T 
= 45 K. 

numerical results obtained from balance equations (14x17) exhibit only pronounced drift 
velocity overshoot, without any trace of Bloch-type oscillatory behaviour for electric fields 
as high as E = 20 kV cm-’, as shown in figure 4. 

In fact, the transient behaviour of the drift velocity response in such a 2D superlattice 
is already quite similar to that of an unconfined superlattice (3D superlattice). In figure 5 
we show the calculated transient drift velocity response at lattice temperature T = 45 K for 
a 3D superlattice, having period d = 10 nm, miniband width A = 900 K, low-temperature 
linear mobility p(0) = 100 m2 V-’ s-’ and carrier sheet density N ,  = 2.0 x 10” to 
step electric fields tumed on at time i = 0 having strengths E = 2, 5, 10 and 20 kV cm-l. 
This value of carrier sheet density Ns implies an average carrier bulk density of n = N J d  
= 2.0 x lOI9 ~ 1 1 3 ~ ~ .  equal to the average carrier bulk density of the ZD superlattice described 
in figure 4: n = N2/d,. The steady-state ud - E behaviour of this system is also shown in 
the inset. The transient drift velocities of these two systems are indeed quite similar. 

Impurity scattering greatly affects both the steady-state and the transient transport 
behaviour. We show in figure 6 the steady-state ud - E curve and the transient drift 
velocity response at lattice temperature T = 45 K, for a 3D superlattice with period d = 
10 nm, miniband width A = 900 K and carrier sheet density N$ = 2.0 x 10” cm-’, exactly 
the same as the system described in figure 5, but having a stronger impurity scattering: low- 
temperature linear mobility p(0) = 1.0 m2 v-’ s-’ . s tronger impurity scattering reduces 
the rising speed of the drift velocity at the initial stage of the transient transport and thus 
suppresses the maximum drift velocity. which is reached at a time delay slightly less than 
a quarter of the Bloch period TB = Zn/(eEd). 

Finally, in order to show the effect of the lattice temperature on the transient transport we 
plot in figure 7 the steady-state ud -E curve and the transient drift velocity response at lattice 
temperature T = 300 K, for a 3D superlattice similar to that described in figure 6: period d 
= 10 nm, miniband width A = 900 K, carrier sheet density Ns = 1.5 x IO” cm-’ and low- 
temperature linear mobility p(0) = 1.0 mz V-’ s-’. The transient response behaviour of 
the drift velocity is similar to that of the T = 45 K case, but maximum velocities attainable 
are reduced in comparison with figure 6. 
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F i e  6. Transient drift velodty (ud) response of a 3D Figure 7. Transient drif7 velocity (us) response of a 3D 

superlattiee, with period d = 10 nm. miniband width A superlattice, with pen'od d = io nm, miniband width A 
=900K,carriersheet&nsityN, =2.0 x 1011cm-2and =900K.carriersheetdeusityN,=1.5 x lO"cm-'and 
low-temperaturelinearmobilityp(O)= 1.0 m2 s r '  , low-temperature linear mobility p(0) = 1.0 m2 sCr ,  
m step electric fields m e d  on at time I = 0 with various to step electric fields tumed on time t = 0 with various 
sWen&s. The inset shows the corresponding locations strengths. The inset shows the corresponding locations 
of these fields on the steady-state velocity-field curve. of Ihese fields on the steady-stak velociry-field c w e .  
The lattice tempemure is T = 45 K. The lattice temperature is T ii 300 K. 

5. Conclusions 

We have systematically investigated the transient drift velocity response of miniband 
transport in  superlattices with and without carrier transverse confinement to step electric 
fields of different strengths. Our study is based on the recently developed balance-equation 
theory for miniband transport which takes account of the carrier transverse movement and the 
realistic electron-impurity and the electron-phonon scatterings in the system. This theory, 
which employs a unique electron temperature to describe the carrier occupation of both the 
longitudinal and the transverse states of the many-electron system, thus assuming the rapid 
thermalization of the carriers in all directions, should be valid for higher carrier density 
cases, as discussed in this paper. We find that the Bloch-type oscillatory transient velocity 
can appear only in exueme laterally (2D-) confined systems. Thermal excitations of the 
carrier transverse movement suppress the BIoch oscillation of the drift velocity. In a system 
where carriers are thermalized rapidly in all directions, direct observation of the Bloch-type 
oscillatory current in the transient miniband transport of a GaAs-based ID superlattice (ZD- 
confined superlattice) with lateral confinement of the order of 20 nm 01 larger is improbable. 
The transient miniband response of a 2D superlattice (io-confined superlattice) behaves 
like an unconfined one: the drift velocity may exhibit a very pronounced overshoot, 
but no Bloch-type oscillation. This is at variance with what is anticipated from purely 
ID Boltzmann-type theories, which essentially describe dilute carriers in a superlattice 
miniband. 
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